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Eigenstrain Without Stress and Static Shape Control of Structures
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The present contribution explores two fundamental aspects of eigenstrain analysis in three-dimensional bod-
ies. At � rst, distributions of eigenstrain are derived that do not cause stresses, so-called stress-free or impotent
eigenstrains. We consider bodies of � nite extent with geometric surface constraints, such as imposed by immov-
able supports or rigidly clamped boundaries. Within the setting of anisotropic linear elastic bodies, it is veri� ed
that a � eld of eigenstrains that is equal to the � eld of strains produced by external forces is a stress-free one and
that the deformations caused by these eigenstrains and the deformations caused by the forces are equal. Hence,
the stress-free eigenstrain load represents an exact solution for the static shape control problem of bodies acted
upon by forces. Additionally,nonuniqueness of this shape control problem is demonstrated, and three-dimensional
eigenstrains responsible for that nonuniqueness are identi� ed. This is performed by showing that incompatible
distributions of eigenstrain and the strains generated by these � elds, when applied as a compatible distribution
of eigenstrain, result in identical deformations and stresses. Deformation-free � elds then result by applying the
difference between those � elds of eigenstrain.

Introduction

L INEAR elastic structures are being considered under quasi-
static conditions with respect to their deformations. The geo-

metrically linearized theory of elasticity is taken into account. Spe-
cial emphasis is given to the analysis of the behavior of solids and
structures actuatedby eigenstrains.“Eigenstrain” is a generic name
originallygiven by Mura1 to inelastic strains resulting from thermal
expansion, phase transformation, initial strains, plastic strains, and
mis� t strains.

Eigenstrain analysis tries to render an ef� cient strategy with re-
spect to both, analytical and numerical computations, e.g., the au-
thors of the present contribution and their coworkers have applied
such eigenstrain analyses in a series of papers to static and dy-
namic problems of elastic-viscoplastic and damaging structures;
see Refs. 2–4. Furthermore, it has been pointed out by our groups
that piezoelectric strains can be treated effectively as eigenstrains;
see, e.g., Refs. 5–14. It has been demonstrated in Refs. 5–14 that
eigenstrainanalysis can be applied directly and successfully to “in-
telligent,” “smart,” or “adaptive” structures, which utilize piezo-
electricity for the sake of structural actuation, sensing, and control
in an integrated circuit. An overview on technology of intelligent
structures designed for aerospace applications was presented by
Crawley.15 Piezoelectricity and its application in disturbance sens-
ing and control of � exible structures were reviewed by Rao and
Sunar.16 The latter extensive reviews contain also a large list of ref-
erences. Brie� y, the piezoelectriceffect has been discovered by the
Curie brothers in 1880. Since then, a tremendouseffort has been put
in the understandingand applicationof piezoelectricmaterials. The
importance of the piezoelectric effect, exhibited by conventional
ferroelectric polycrystals,natural crystals, and special polymers, is
as a result of the conversionof mechanical into electrical energy and
vice versa. In the linearized theory no body forces are produced by
the applied electric � eld, and the constitutive relations therefore are
the only source of coupling between the electric and the mechan-
ical � eld. Hence, the electric � eld acts as an eigenstrain upon the
piezoelasticbody.Many practicalproblems,especiallyin the � eldof
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active vibration control, have been solved successfully by utilizing
piezoelasticmaterials,mostly in the context of laminatedpiezoelec-
tric beams, plates, and shells (see a recent review by Saravanos and
Heyliger17).

The present contribution explores two fundamental aspects of
eigenstrain analysis. First, distributions of eigenstrain are derived
that do not cause stresses, so-called stress-free or impotent eigen-
strains; see again Mura.1 However, the present investigation is no
longer restricted, neither to in� nite nor to free bodies, yet even
structuresof � nite extent are consideredwith geometricsurfacecon-
straints, such as imposedby immovable supportsor rigidly clamped
boundaries. Within a three-dimensional setting of anisotropic bod-
ies, it is subsequently veri� ed that a � eld of eigenstrains which is
equal to the � eld of strains produced by external forces is a stress-
free one and that the deformationscaused by these eigenstrainsand
the deformations caused by the forces are equal.

Second, this stress-free eigenstrain load is demonstrated to
present an exact solution for the static shape control problem of
structures acted upon by forces. Static shape control, in general,
renders a complex inverse problem. In the context of the eigenstrain
load, however, the static shape control problem reduces itself to the
following question: what kind of spatial distribution of eigenstrain
should be imposed on a structure in order to match the resulting
� eld of deformationof the structure to a desiredone? Especially the
applications of static shape control to large space structures and to
smart structures are topics of current interest.18 20 With respect to
smart structures, this problem has been tackled by nonlinear opti-
mization techniques, where a � nite number of actuator patches has
beenappliedto the structure.20;21 Becausea � nitenumberof actuator
patches is used in the cited papers, a desired de� ection of a � exible
distributed-parametersystem can be produced only approximately.
In the present paper no such restriction is made; it is assumed that
the proper eigenstrain load can be applied throughout the structure
and without a limitation of its intensity. As is shown subsequently,
the preceding inverse problems can be exactly solved under these
conditions.The presentedsolutionsare felt to providea deep insight
into the characteristicfeatures of the deformation control. A reduc-
tion to a � nite number of actuatorscan be easily performed, and the
presented solutions can serve as a � rst guess in those cases where
limitations of the eigenstrain load have to be taken into account.
The results thus derived put our preliminary studies on static and
dynamic piezoelectric actuation of beam- and plate-type structures
(see againRefs. 5–14) in the contextof static stress-freeeigenstrains
in a three-dimensionalsetting.
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Additionally, nonuniqueness and hence the characterization of
the shape control problem as ill-posed are demonstrated in the fol-
lowing, and three-dimensional� elds of eigenstrains responsible for
that nonuniquenessare identi� ed. The ill-posedinverse problemhas
been treated by Irschik et al.5;12 for the case of � exural vibrations
of piezoelectric beams, where it has been attributed to an electric
� eld without de� ection. Nonuniqueness is overcome in the present
contributionby deriving three-dimensional deformation-free � elds
of eigenstrain, which can be added to the present solution of the
shape control problem to form another solution. Deformation-free
eigenstrainsare derivednext by showing that incompatibledistribu-
tions of eigenstrain and the strains generated by these � elds, when
applied as a compatible distribution of eigenstrain, result in iden-
tical deformations and stresses. Deformation-free � elds then result
by applying the difference between those � elds of eigenstrain.

As an illustrative but still suf� ciently simple example, a redun-
dant truss with a nonuniformdistributionof stiffness is studied, and
Castigliano’s theorem is applied in a further step for an independent
proof.

Basic Equations of Eigenstrain Analysis
For an anisotropic body and in the presence of eigenstrains, the

elastic strain is related to stress by the generalized Hooke’s law,
Reißner22 (see again Mura1 ):

"i j ."/ N"i j D Ci jlm ¾lm."/; i; j; l; m D x; y; z (1)

where a � xed rectangular Cartesian coordinate system (x; y; z) is
used and Einstein’s summation convention about repeated indices
is understood. The elastic compliance Ci jlm in Eq. (1) exhibits the
proper conditions of symmetry, and N"i j denotes the eigenstrains.
The structure is assumed to be loaded neither by external body
forces nor by imposed surface traction, and, hence, no such loads
contribute to Eq. (1). This fact is indicated by the index ", which
then refers to the strains "i j ."/ and stresses ¾lm."/ that are solely
caused by the eigenstrains N"i j . In the following N"i j is not attributed
to any speci� c type of source. From a technological point of view,
however, the resultspresentedas such will be of special interestonly
in those cases where eigenstrains can be produced in the structure
in a controlled manner.

The exact meaning of the stress ¾lm."/ in Eq. (1) deserves a clar-
i� cation. By adopting the German terminology “Eigenspannungen
und Eigenspannungsquellen” introduced in his classical paper by
Reißner,22 Mura1 used the translation “eigenstress” but explicitly
reserved this name to self-equilibratingstresses that are caused by
eigenstrains in bodies that are free from any external load or sur-
face constraint.Contrary,having in mind structuralapplicationsand
shape control, bodies of � nite dimension and with geometric sur-
face constraintsare consideredsubsequently.The geometric bound-
ary conditions are assumed to be homogeneousbecause the case of
an imposed surface deformation can be treated as a separate load
case. The present notation ¾lm."/ therefore refers to the total stresses
caused by N"i j in a body, that is, free of imposed external forces but
can be subjected to external reaction forces related to the surface
constraints. The name “self-stress” has been used by the present
authors in some of their previous papers in order to denote this
less restricted meaning of ¾lm."/ ; see, e.g., Ref. 2. In Eq. (1), corre-
spondingly,"i j ."/ denotes the total strain. This strain is related to the
correspondingdeformations by the linearized relations

"i j ."/ D 1
2 [u i."/; j C u j ."/;i ] (2)

where u i."/ is the i th component of the displacement vector of the
deformations that are caused by N"i j . From Eq. (2) the equations of
compatibility are derived by proper differentiation and by elimi-
nating ui ."/. Therefore, "i j ."/ is called a compatible � eld of strain.1

Analogously, a � eld of eigenstrain N"i j will be called compatible
in the following if it can be derived from a � eld of deformations
in the manner of Eq. (2). In general, of course, N"i j represents an
incompatible � eld by not satisfying the equations of compatibility.

Deformations that are produced by eigenstrains are effectively
calculated by means of a properly generalized Maysel’s formula
(see Ziegler and Irschik23 for a state-of-the-art review). Consider

an auxiliary problem, namely the structure without eigenstrain but
loaded by a proper force system.For instance,¾i j .k/.»; x/ denote the
stresses in a point » caused by a unit single dummy force applied in
x and in the directionof a unit vectorek . The actual displacementin
that direction as a result of a � eld of eigenstrain uk."/.x/ is given by
the following volume integral,which is a (virtual) work expression:

uk."/.x/ D
Z

V

¾i j .k/.»; x/N"i j .» / dV.» / (3)

The unitvectorek may point in anydirectionandneednot to coincide
with one of the basis vectors of the Cartesian reference system.
This formula has been originally derived by Maysel for the case of
isotropic thermal expansionand, using the principleof virtual work,
has been extended in Ref. 23 to general eigenstrain analysis. All of
the boundary constraints of the � nite structure are properly taken
into account in Eq. (3). Equation (3) is different from the Mura–

Willis integral for in� nitely extending bodies1 but can be easily
shown to coincide in this latter case. The boundary constraints of
structures may be relaxed in both the eigenstrain and the auxiliary
problem of Maysel’s formula at the expenseof additionalboundary
integrals(virtualwork expressions) occurring in Eq. (3); cf. Ref. 23.
The structural form of Maysel’s formula using the proper stress
resultants is readily available and so is its specializationfor point or
axisymmetric problems (see again Ref. 23 and the textbook24 ).

Stress-Free Eigenstrain and Static Shape Control
One rather strong motivation for the present study is the ob-

servation of special distributions of eigenstrain that do not cause
any stress. These distributions have been called “impotent eigen-
strains” by Mura,1 and they are indeed related to the conditions of
compatibility for the strains "i j ."/ that are derived by differentiating
Eq. (2): it is known that compatibleeigenstrainswhen distributedin
a free body do not cause any eigenstress; see again Mura1 and also
Parkus,25 the latter for the special case of thermal expansion strains.
Mura1 studied an arbitrarily shaped � nite inclusion in an in� nitely
extending anisotropic material, i.e., analogously, he considered a
distribution of eigenstrain properly prescribed in the domain of the
inclusion,and found that there is no stress � eld generated in the ma-
terial if the eigenstrains form a compatible distribution that results
from a deformation � eld vanishing at the surface of the inclusion.

Motivated by these classical results, it is within the scope of
the present section to give a systematic classi� cation of stress-free
eigenstrainsin structuresof � niteextentandwith surfaceconstraints
prescribed. Inspection of Eq. (1) reveals that the stress vanishes
throughout the structure ¾lm."/ D 0 if the distributionof eigenstrain
is identical to the one of the total strain "i j ."/, i.e., that it is produced
by one and the same N"i j . Hence,

N"i j D "i j ."/ (4)

must hold everywhere in the body. The question arises whether it is
possible for Eq. (4) to hold in a structureof � nite extentwith surface
constraints, and this question may be suspected to lead to a nasty
inverse mathematical problem for the class of distributionsof N"i j .

To overcome this problem, we discuss a special, but practi-
cally important, class of strains as candidates for stress-free � elds
of eigenstrain: compatible strains "i j . f / are considered that are
generated by imposed external forces ( f ) when acting upon the
eigenstrain-free � nite structure with surface constraints. In the ab-
sence of eigenstrains, the constitutive equations for an anisotropic
body subjected to imposed forces or given boundary deformations
read as follows:

"i j . f / D Ci jlm ¾lm . f /; i; j; l; m D x; y; z (5)

The strains are connected to the deformations by the linearized ge-
ometric relations

"i j . f / D 1
2 [u i. f /; j C u j . f /;i ] (6)

An integral representationanalogousto Maysel’s formula (3) can be
derived for the force-induced deformations. Consider a virtual de-
formation applied to the auxiliary equilibrium state of the structure
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when subjected to the single unit dummy force as used in Eq. (3).
According to the principle of virtual work, Ziegler,24 the total vir-
tual work, done by the external and by the internal forces, has to
vanish:

±W e
.k/ C ±W i

.k/ D 0 (7)

where the index (k) refers to the auxiliary equilibriumstate. Special
and admissible virtual deformations are those produced by the sys-
tem of distributed forces ( f ), namely [u i. f /] as already introduced.
The virtual work of the dummy force done on these deformations
becomes

±W e
.k/ D 1±uk .x/ D 1uk. f /.x/ (8)

whereas the virtual work of the dummy stresses is given by the
contracted tensor product

±W i
.k/ D

Z

V

¾i j .k/.»; x/±"i j .» / dV .» /

D
Z

V

¾i j .k/.»; x/"i j . f /.» / dV .» / (9)

The principle of virtual work, Eq. (7), renders upon substitution of
expressions (8) and (9)

uk. f /.x/ D
Z

V

¾i j .k/.»; x/"i j . f /.» / dV .» / (10)

where the boundary conditions are automatically satis� ed. The vir-
tual work statement of Eq. (10) directly complementsMaysel’s for-
mula,Eq. (3). Becausethekernelfunctionsof the integralsin Eqs. (3)
and (10) are the same, it is immediately seen that the deformations
produced by the eigenstrains and those produced by the forces be-
come identical

uk."/.x/ D uk. f /.x/ (11)

if the eigenstrain is selected such that

N"i j .x/ D "i j . f /.x/ (12)

i.e., if one succeeds in applying a distribution of eigenstrain that is
equal to the strains produced by imposed forces ( f ). Because the
deformations in that case become equal [Eq. (11)], the kinematic
relations, Eqs. (2) and (6), yield the strains produced by the special
eigenstraindistributionof Eq. (12) equal to the strains produced by
the distributed forces ( f ) :

"i j ."/.x/ D "i j . f /.x/ (13)

Substituting Eqs. (12) and (13) into the constitutive equations of
the structure in the presence of eigenstrain, it follows that also the
stresses vanish:

¾lm ."/ D 0 (14)

see again the discussion just given with respect to Eq. (4). The
eigenstraindistribution suggested in Eq. (12) indeed reproduces its
strains, Eqs. (12) and (13), and hence it remains stress free. These
eigenstrains form a compatible � eld, because compatibility holds
for the total strains "i j ."/.

From a theoreticalpoint of view, Eqs. (3) and (10) are interpreted
to connect the complementary problems of structures either actu-
ateduponby forcesor byeigenstrains.As a practicalconsequenceof
these relations,both refer to the deformation, that duality can be ap-
plied directly to the problemof static shapecontrol. If the right-hand
side of Eq. (4) is assigned a negative sign, i.e., when considering
Eq. (13), [ "i j . f /] is applied as the proper distribution of eigen-
strain, then the strains and displacements caused by the imposed
forces ( f ) are exactly annihilated [see Eqs. (12) and (13)]. For the
de� ections of a beam actuated by piezoelectricstrain, this has been
utilizedby Irschik,et al.5;6 Becauseof constraintswith respectto the
input power, it may not be possible to produce the right amount of

eigenstrain required for a complete annihilation in some practical
applications; see, e.g., Ref. 26. Nevertheless, the present relation
represents an exact benchmark solution for the inverse problem of
shape control.

Nonuniqueness of the Shape Control Problem
and Deformation-Free Eigenstrain

In the course of derivation of the generalized Maysel’s for-
mula, the followingorthogonalityrelationbetween auxiliarystrains
caused by dummy forces and the stresses caused by eigenstrain has
been derived by Ziegler and Irschik23:

Z

V

¾i j ."/.» /"i j .k/.»; x/ dV .» / D 0 (15)

Substituting Hooke’s law for the auxiliary problem gives
Z

V

¾i j ."/.» /Ci jlm .» /¾lm.k/.»; x/ dV .» / D 0 (16)

Taking into account the symmetry of the elastic compliance Ci jlm

and inserting Hooke’s law in the presence of eigenstrain [Eq. (1)],
one obtains

Z

V

¾i j .k/.»; x/N"i j .» / dV .» / D
Z

V

¾i j .k/.»; x/"i j ."/.» / dV .» / (17)

Maysel’s formula, in generalized form of Eq. (3), is reformulated
by substituting Eq. (17):

uk."/.x/ D
Z

V

¾i j .k/.»; x/"i j ."/.» / dV .» / (18)

It is therefore seen that an incompatible � eld of eigenstrain N"i j and
the correspondingstrains"i j ."/, when appliedas a new � eld of eigen-
strain,

N"¤
i j D "i j ."/ (19)

yield identical deformations. By inspection of the original and the
reformulatedversionsofMaysel’s formula,Eqs. (3) and (18) follows

uk."/ D u¤
k."/

(20)

The superscript(¤) refers to N"¤
i j . Furthermore, N"¤

i j D "i j ."/ represents
a stress-free � eld of eigenstrain. Substitution of Eq. (19) in Eq. (1)
consequentlyyields

¾ ¤
i j ."/ D 0 (21)

ConsideringEq. (20), it is seen that N"¤
i j ofEq. (19) representsan exact

solution of the shape control of structures subjected to eigenstrain
load. However, by de� nition of a second � eld of eigenstrain in the
form

N"¤¤
i j D N"i j N"¤

i j D N"i j "i j ."/ (22)

it follows from Eq. (20) that the corresponding deformation van-
ishes:

u¤¤
k."/

D uk."/ u¤
k."/

D 0 (23)

while the stress still corresponds to the load of eigenstrain N"i j :

¾ ¤¤
i j ."/ D ¾i j ."/ ¾ ¤

i j ."/ D ¾i j ."/ (24)

Equation (21) is taken into account to identify this relation. From
Eq. (23) it is understoodthat eigenstrains N"¤¤

i j of the type represented
by Eq. (22) can be added to the exact solution of the static shape
control problem, Eqs. (12) and (19), without affecting the required
properties.Hence, the static shape control problem is not unique.

Nonuniquenesscanbe contributedto the fact that staticshapecon-
trol problems represent inverse problems, mathematically de� ned
by an integral equation of the � rst kind in the form of generalized
Maysel’s formula, Eq. (3) for the eigenstrain, to be distributed in
the structure such that the deformation corresponds to a desired
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one. Inverse problems often turn out to be ill-posed in the sense of
Hadamard. For a survey on mathematical features concerning ill-
posed inverse problems in general and for mathematical techniques
for overcoming this dif� culty in a numerical solution, see Engl.27

Indeed, it has already been shown that the static shape control is
nonunique,which representsone form of an ill-posed problem. It is
emphasized that the nonuniqueness of the present inverse problem
basicallydoes not in� uence the practicalapplicabilityof the speci� c
solutions derived for these problems. It will be of practical interest
for the designer, however, to know about distributions of eigen-
strain that can be added to the exact solutions given in Eqs. (12)
and (19) without yielding any in� uence upon the desired effect.
Such deformation-free solutions, presented in Eq. (22), which are
responsible for nonuniqueness,will be called “nilpotent solutions”
of the shape control problem12 for the case of � exural vibrations
of piezoelectric beams. There are various reasons for the designer
to be interested in nilpotent solutions: � rst, an intuitive design may
suggest a nilpotent solution of the inverse problem. Such a solu-
tion, however, is not suitable for achieving desired deformationsof
whatever type. Second, in practice, there may be constraints im-
posed upon the amount of activity present in an actuator problem.
By adding nilpotent solutions,constraintsmay be satis� ed, or stress
may be diminished [see Eq. (24)]. Moreover, in the case where
the desired solution is given by a set of numerical data, e.g., by a
measured set, and the solution of the static shape control has to be
derived by a numerical procedure it becomes crucial to take into ac-
count nonuniqueness by proper regularization techniques in order
to obtain numerically stable solutions (see again Engl27).

Figure 1 illustrates a redundant truss composed of six member
bars of lengths

l1 D l3 D l4 D l5 D `; l2 D l6 D `
p

2 (25)

Hooke’s law in absence of eigenstrain is formulated analogous to
Eq. (5), but at the level of the theory of idealized trusses

"n. f / D Cn Sn. f /; n D 1; : : : ; 6 (26)

where Cn D .Y A/ 1
n is the cross-sectionalcompliance of the mem-

ber numbered n, with Y denoting Young’s modulus and A its cross-
sectional area. Sn. f / denotes the normal force in the nth bar. To
represent a suf� ciently simple model of an anisotropic body, the
tensile compliance of the members are assumed to be nonuni-
formly distributed, thus putting C6 D ®C being different from
C1 D C2 D C3 D C4 D C5 D C . The truss is assumed to be loaded
by a self-equilibrating system of four external forces of equal
amount F (Fig. 1). The internal force S6. f / is selected as the redun-
dant one. Nodal equilibrium conditions render the normal forces
to be

Fig. 1 Shape control of an anisotropic redundant truss.

S1. f / D S3. f / D S6. f /=
p

2; S2. f / D F
p

2 C S6. f /

S4. f / D S5. f / D F S6. f /=
p

2 (27)

The unknown S6. f / is calculatedby means ofMenabrea’s theorem,24

i.e., by equating to zero the properly differentiatedcomplementary
strain energy U c

. f / ,

@U c
. f /

@S6. f /

D 1

2

@

@S6. f /

6X

n D 1

S2
n. f /Cnln D 0 (28)

The result is

S6. f / D ¯ F (29)

with the coef� cient re� ecting the geometry and the anisotropy

¯ D
£
1 C ®=

¡
1 C

p
2
¢¤ 1

(30)

Strains in the member bars, generated by the system of forces of
amount F , thus become

"1. f / D "3. f / D ¯C F=
p

2; "4. f / D "5. f / D C F
£
1

¡
=̄
p

2
¢¤

"2. f / D C F
¡
¯

p
2
¢
; "6. f / D ®¯C F (31)

Following the suggestion explicitly contained in Eq. (12), the fol-
lowing candidates for a stress-free eigenstrain distribution are con-
sequently studied:

N"n D "n. f /; n D 1; : : : ; 6 (32)

with "n. f / of Eq. (31). The corresponding internal forces are also
proportional to the redundant normal force S6."/; Eqs. (27) and (29)
when combined render

S1."/ D S3."/ D S4."/ D S5."/ D S6."/=
p

2; S2."/ D S6."/

(33)

In the presence of eigenstrain, the complementary strain energy
includes additional terms24:

U c
."/ D

6X

n D 1

£
1
2
Cn S2

n."/
C Sn."/ N"n

¤
ln (34)

Castigliano’s theorem in the form of Menabrea requires

@U ¤
."/

@S6."/

D
6X

n D 1

@Sn."/

@S6."/

[Cn Sn."/ C N"n]ln D 0 (35)

Substituting Eqs. (31–33) into Eq. (35) yields
¡
1=

p
2
¢£

4C
¡
S6."/=

p
2
¢

2
¡
C F¯=

p
2
¢

C 2C F
¡
1 ¯=

p
2
¢¤

` C
£
C S6."/ C C F

¡
¯

p
2
¢¤

`
p

2

C [®C S6."/ C ®C F¯]`
p

2 D 0 (36)

Considering the value of the coef� cient ¯ [Eq. (30)], the solutionof
Eq. (36) for the unknown S6."/ turns out to be the trivial one. Hence,
from Eq. (33)

S6."/ D S j ."/ D 0; j D 1; : : : ; 5 (37)

It has thus been demonstrated that the stresses in the statically in-
determinate truss which are caused by the nonuniform eigenstrain
distributionof Eq. (32) do vanish, as has been predictedby Eq. (14).
PuttingEq. (37) into Hooke’s law of the member rods in the presence
of eigenstrain

"n."/ N"n D Cn Sn."/; n D 1; : : : ; 6 (38)

leads to

"n."/ D N"n D "n. f /; n D 1; : : : ; 6 (39)

i.e., strains caused by the eigenstrain load under consideration,and
the strains caused by the given force loadingare identical.Thus, the



IRSCHIK AND ZIEGLER 1989

nonuniformeigenstraindistributionde� ned by Eqs. (30) and (31) is
stress-free, and it is an exact solution of the shape control problem;
also refer to the three-dimensionalresults of Eqs. (13) and (14).

Next, an incompatibledistributionof eigenstrainis studied,where
only the bar numbered 6 is assumed to be actuated:

N" j D 0; j D 1; : : : ; 5; N"6 D N" (40)

Castigliano’s principle [Eq. (35)] renders in this case

S6."/ D
£
N"=C

¡
1 C

p
2 C ®

¢¤
(41)

The total strains thus become

"1."/ D "3."/ D "4."/ D "5."/ D C S6."/=
p

2

"2."/ D C S6."/; "6."/ D ®C S6."/ C N" D ¯ N" (42)

According to Eq. (19), the following nonuniformcandidate for a
stress-free eigenstrain distribution is studied subsequently:

N"¤
n D "n."/; n D 1; : : : ; 6 (43)

with "n."/ of Eq. (42). Castigliano’s principle [Eq. (35)] then gives
¡
`=

p
2
¢£

4C
¡
S¤

6."/

¯p
2
¢

C 4N"=
p

2
¡
1 C

p
2 C ®

¢¤

C `
p

2
£
C S¤

6."/ N"=
¡
1 C

p
2 C ®

¢
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Hence, after substitutingEq. (30) it is seen that the redundant force
does vanish for the eigenstrains of Eq. (43):

S¤
6."/ D 0 (45)

From Eq. (33) the other internal forces then vanish, too:

S¤
j ."/ D 0; j D 1; : : : ; 5 (46)

Thus, also the distribution of eigenstrain according to Eqs. (43)
and (44) is a stress-free one. From Hooke’s law in the presence of
eigenstrain[Eq. (38)] and with S¤

n."/ of Eqs. (45) and (46), it is � nally
proved that

"¤
n."/ D N"¤

n D "n."/; n D 1; : : : ; 6 (47)

Note that at the level of the redundant truss of Fig. 1, Eqs. (45–

47) render evidence of the validity of the three-dimensionalresults
presentedin Eqs. (20) and (21). This remark completesthepresented
example.

Eigenstrain distributions in Eqs. (32), (40), and (43) may be im-
plemented in practiceby selecting the rods of the truss from stackers
made of smart materials, which may also be used for the purpose
of sensing the deformations (see Tzou28 for a recent review). Some
applications are collected in Refs. 29 and 30.

It has been demonstratedthat the static shapecontrol of structures
represents an ill-posed problem. A class of deformation-free � elds
of eigenstrain has been identi� ed causing the nonuniqueness.This
class is constitutedby the � eld of compatiblestrains,which is caused
by any � eld of eigenstrain, both compatible ones and incompatible
ones. The more specialized theorem of linear elasticity should be
mentioned here so that if any part of the boundary, however small,
is free of traction and the displacements vanish in the same region
then the enclosed body is free of stresses. It was proved by Almansi
in 1907 (see Ref. 31 for the plane problem).

Conclusions
Having identi� ed deformation-free� elds of eigenstrain,an exact

solutionfor the static shapecontrolproblemby means of eigenstrain
actuation has been given. This exact solution is provided for force-
loaded linear elastic anisotropic structures by using the generalized
formula (of thermoelasticity) attributed to Maysel. If it is possible
(by means of either piezoelectric or thermal sources) to produce
eigenstrains equal to the compatible � eld of the load strains, these

eigenstrains render the same deformations (displacements) as the
external force load do. Further, it has been shown that such a � eld
of eigenstrainsdoes not produce any stress.

An anisotropic redundant truss serves as an illustrative example
for deformation control by eigenstrain.Thus, the optimal control of
a discretized system given a limited proof of the optimal solution
of the three-dimensionalcontinuum is obtained. The novel, easy to
apply, solutiontechnique,basedon the generalizedMaysel formula,
dependson the interpretationof eitherpiezoelectricallyor thermally
produced strains as eigenstrain in the sense of Mura’s.

For aeronautical, biomechanical, and general industrial applica-
tions, two practicablepossibilitiesfor realizingdeformation control
byeigenstrainsexist.One relieson thechoiceof smartmaterialswith
distributedelectrical actuators and the second on the availabilityof
functionally graded materials subjected to controlled temperature
� elds.
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